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In this paper we present a fully three-dimensional ﬁnite strain anisotropic visco-hyperelastic model for ligaments and
tendons. The structural model is formulated within the framework of non-linear continuum mechanics and is well-suited
for its ﬁnite element implementation. This model is based on a local additive decomposition of the stress tensor into initial
and non-equilibrium parts as resulted from the assumed structure of the free-energy density function that generalizes
Kelvin–Voigt linear viscous models. Also, we use a local multiplicative decomposition of the deformation gradient into
volume-preserving and dilatational parts that permits to model the incompressible properties of soft biological tissues.
To simulate the viscoelastic properties of this kind of tissues, we consider diﬀerent viscoelastic behaviours for the matrix
and the diﬀerent families of ﬁbers. A second-order accurate numerical integration procedure is used, established entirely in
the reference conﬁguration. Expressions for the stress and elasticity tensors in the spatial description are also presented.
Of all soft tissues, we have focused in ligaments due to the importance of their viscoelastic properties in the clinical
practise. In order to show clearly the performance of the constitutive model, we present 3D simulations of the behaviour
of the anterior cruciate ligament and patellar tendon graft. The model was also tested for various multi-axial loading
situations. The relaxation and creep responses and the strain rate dependent behaviour of anterior cruciate ligament
and patellar tendon graft were accurately predicted.
 2006 Elsevier Ltd. All rights reserved.
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Biological soft tissues sustain large deformations, rotations and displacements, have a highly non-linear
behaviour, posses anisotropic mechanical properties and show a clear time and strain rate dependency. Their
typical anisotropic behaviour is caused by several collagen ﬁber families (usually one or two ﬁbers coincide at
each point) that are arranged in a matrix of soft material named ground substance (Holzapfel and Gasser,0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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E. Pen˜a et al. / International Journal of Solids and Structures 44 (2007) 760–778 7612001). Typical examples of ﬁbered soft biological tissues are blood vessels, tendons, ligaments, cornea and car-
tilage. The time-rate dependent material behaviour of this kind of tissues has been well-documented and quan-
tiﬁed in the literature. This includes works on ligaments (Puso and Weiss, 1998), tendons (Johnson et al.,
1996), blood vessels (Humphrey, 1995), cornea (Pinsky and Datye, 1991) and articular cartilage (Hayes and
Mockros, 1971). This behaviour can arise from the ﬂuid ﬂow inside the tissue, from the inherent viscoelasticity
of the solid phase, or from viscous interactions between the tissue phases (Mak, 1986).
Many constitutive models have been proposed for biological soft tissues. A theory of quasilinear viscoelas-
ticity was early proposed by Fung and is still widely used in the ﬁeld of biomechanics to describe soft tissue
viscoelastic behaviour (Fung, 1993). This model has however an important drawback, such as the information
must be saved at every previous time step in order to compute the stress response at the current one. Puso and
Weiss (1998) formulated a time discretization algorithm of the convolution integral in which the relaxation
function and the elastic constitutive behaviour were split by means of a multiplicative decomposition, thus
reducing the non-linear response of the tissue to the latter, maintaining the viscous behaviour within the
framework of linear viscoelasticity. They used an anisotropic strain-energy function to model the ﬁbered
behaviour of the ligaments but did not consider the diﬀerent viscoelastic behaviour of collagen ﬁbers and
ground substance. A fully three-dimensional ﬁnite strain viscoelastic model not restricted to isotropy was
developed by Simo (1987). The model described therein was based on the concept of internal variables and
allows a very general description of materials involving irreversible eﬀects. This constitutive model was applied
to model the mechanical behaviour of isotropic elastomers. More recent papers by Pioletti et al. (1998) and
Limbert and Middleton (2004) modelled the isotropic and transversely isotropic visco-hyperelastic behaviour
of ligaments. These phenomenological approaches used elastic and viscous potentials which involved 10 and
15 invariants, respectively. Other approaches for viscoelasticity are due to LeTallec et al. (1993), Provenzano
et al. (2002), Johnson et al. (1996), Kaliske (2000), Quaglini et al. (2004) and many others.
All these models have in common that they do not speciﬁcally deal with the deformation of ligament as a
ﬁber-reinforced composite material. Sasaki and Odajima (1996) and Puxkandl et al. (2002) demonstrated the
diﬀerent viscoelastic behaviour of collagen tissue and ground substance in ligaments. Only, and following
Simo’s constitutive framework, Holzapfel and Gasser (2001) proposed a viscoelastic model of ﬁber-reinforced
composites at ﬁnite strains that considered diﬀerent viscoelastic behaviour for the matrix and the ﬁbers. How-
ever, Holzafel’s model was of Maxwell-type, while in Sasaki and Odajima (1996), Puxkandl et al. (2002) or
Vita and Slaughter (2005) ligaments were proved to exhibit a Kelvin–Voigt-type viscoelastic constitutive
behaviour.
In this paper, we present a fully three-dimensional ﬁnite strain anisotropic visco-hyperelastic Kelvin–Voigt
model for ligaments. This model has been applied to simulate some clinical applications. The structural model is
formulated within Simo’s constitutive framework. It is based on a local additive decomposition of the stress
tensor into initial and non-equilibrium parts and consider diﬀerent viscoelastic behaviours for the matrix
and the ﬁbers. We have considered a material reinforced by one family of ﬁbers continuously distributed in
a compliant solid isotropic matrix (Spencer, 1954). Since the mechanical response of biological tissues is almost
isochoric (Simo and Taylor, 1991), we assume uncoupled volumetric and deviatoric responses over any range of
deformation. This is achieved by a local multiplicative decomposition of the deformation gradient into volume-
preserving and dilatational parts. Although the description of the constitutive model is established in the ref-
erence conﬁguration we also express the stress and elasticity tensors in the spatial description for a more simple
FE implementation. Incremental objectivity is trivially satisﬁed by establishing the numerical integration pro-
cedure entirely in the reference conﬁguration (Holzapfel, 1996). To our knowledge, the anisotropic visco-hyper-
elastic model based on the local additive decomposition of the stress tensor into initial and non-equilibrium
parts and the explicit expression for the stress and fourth-order elasticity tensor in the spatial description for
time-dependent ﬁnite strains in ﬁbered materials have not been recorded previously in the literature.
The paper is organized as follows. In Section 2 the constitutive equations of ﬁnite elasticity with uncoupled
volume response are brieﬂy revised. We represent the free-energy density function in terms of ﬁve independent
invariants. In Section 3 the anisotropic visco-hyperelastic model is presented. Section 4 shows the integration
algorithm for the constitutive equations. The application of this model to some examples is presented in Sec-
tion 5. Comparison with experimental data and numerical simulations are included to illustrate the eﬀective-
ness of the proposed formulation. Finally, Section 6 includes some concluding remarks.
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As a ﬁrst step towards the development of a non-linear anisotropic visco-hyperelastic model, we consider
the formulation of ﬁnite strain hyperelasticity in terms of invariants with uncoupled volumetric/deviatoric
responses, ﬁrst suggested in Flory (1961), generalized in Simo and Taylor (1991) and employed for anisotropic
soft biological tissues in Weiss et al. (1996), Holzapfel et al. (2000) and Pen˜a et al. (2005).
Let x ¼ vðX; tÞ : X0  R! R3 denote the motion mapping and let F be the associated deformation gradi-
ent. Here X and x deﬁne the respective positions of a particle in the reference X0 and current X conﬁgurations
such as F ¼ dx
dX
. Further, let J  detF be the Jacobian of the motion. To properly deﬁne volumetric and devi-
atoric responses in the non-linear range, we introduce the following kinematic decomposition (Flory, 1961):F ¼ J 13F; F ¼ J13F ð1Þ
C ¼ FTF; C ¼ J23C ¼ FTF ð2ÞThe term J
1
3I is associated with volume-changing deformations, while F is associated with volume-preserving
deformations. We shall call F and C the modiﬁed deformation gradient and the modiﬁed right Cauchy–Green
tensors, respectively.
The direction of a ﬁber at a point X 2 X0 is deﬁned by a unit vector ﬁeld m0(X), jm0j = 1. It is usually
assumed that, under deformation, the ﬁber moves with the material points of the continuum body. Therefore,
the stretch k of the ﬁber deﬁned as the ratio between its lengths at the deformed and reference conﬁgurations
can be expressed askmðx; tÞ ¼ FðX ; tÞm0ðXÞ; k2 ¼ m0  FTF m0 ¼ m0  C m0 ð3Þ
where m is the unit vector of the ﬁber in the deformed conﬁguration.
To characterize isothermal processes, we postulate the existence of a unique decoupled representation of the
strain-energy density function W (Simo and Taylor, 1985). Based on the kinematic assumption (1) and follow-
ing Spencer (1954) it can be shown that ﬁve modiﬁed invariants are necessary to form the integrity bases of the
tensors C;m0 m0. Then, the free energy can be written in a decoupled form asW ¼ WvolðJÞ þWisoðC;m0 m0Þ ¼ WvolðJÞ þWisoðI1; I2; I4; I5Þ ð4Þ
withI1 ¼ trC; I2 ¼ 1
2
ðtr ðCÞ2  trC2Þ
I4 ¼ m0  C m0; I5 ¼ m0  C2 m0
ð5Þwith I1 and I2 the ﬁrst two strain invariants of the symmetric modiﬁed Cauchy–Green tensor and the pseudo-
invariants. I4; I5 characterize the anisotropy constitutive response of the ﬁbers: I4 has a clear physical meaning
since it is the square of the stretch along the ﬁbers. In order to reduce the number of material parameters and
to work with physically motivated invariants, we shall omit the dependency of the free energy W on I5. This
hypothesis is usually used in biomechanical modelling (Holzapfel et al., 2002).
The stress response is then obtained from the derivatives of the stored-energy function, gettingS ¼ 2 oW
oC
¼ Svol þ Siso ¼ JpC1 þ J23ðI 1=3C1  CÞ : S ð6Þwhere p is the hydrostatic pressure and S the modiﬁed second Piola–Kirchhoﬀ stress tensorp ¼ dWvolðJÞ
dJ
; S ¼ 2 oWisoðC;m0Þ
oC
ð7ÞThe Cauchy stress tensor r is 1/J times the push-forward of S (r = J1v*(S)), see Holzapfel (2000). The expres-
sion of the Cauchy stress tensor r is included in the Appendix.
We conclude our development of uncoupled volumetric/deviatoric ﬁnite deformation elasticity with one
family of ﬁbers by recording the explicit expressions for the elastic tangent moduli. Consider the non-linear
E. Pen˜a et al. / International Journal of Solids and Structures 44 (2007) 760–778 763second Piola–Kirchhoﬀ stress tensor S at a certain point. Its variation with respect to the right Cauchy–Green
tensor C is the elasticity tensor in the material description or the referential tensor of elasticities and may be
written as (Simo and Hughes, 1998)C ¼ 2 oSðCÞ
oC
¼ Cvol þ Ciso ¼ 2 oSvoloC þ 2
oSiso
oC
ð8ÞThe elasticity tensor in the spatial description or the spatial tensor of elasticities, denoted by c, is deﬁned as the
push-forward of C times a factor J1, so thatc ¼ J1vðCÞ ¼ cvol þ ciso ð9Þ
The expression of the spatial tensor c is included in the Appendix.
3. Anisotropic visco-hyperelastic model
In this section, we develop the basic structure of the proposed ﬁnite strain anisotropic visco-hyperlastic
model. In order to describe viscoelastic eﬀects we apply the concept of internal variables (Simo, 1987; Holzap-
fel, 1996). For other approaches to describe the viscoelastic behaviour see Christensen (1982). Following Simo
(1987), we postulate the existence of an uncoupled free-energy function of the formWðC;m0;QiÞ ¼ W0volðJÞ þW0isoðC;m0 m0Þ 
Xn
i¼1
1
2
C : Qi þ N
Xn
i¼1
Qi
 !
ð10Þwhere W0vol and W
0
iso are the volumetric and deviatoric parts of the initial elastic stored-energy function W
0, Qi
play the role of internal variables (not accessible to direct observation) corresponding to the reference conﬁg-
uration and N is a certain function of the internal variables.
Restricting our attention to the isothermal case and exploiting the Clausius–Duhem inequality
Dint ¼  _Wþ 12S : _CP 0 (Marsden and Hughes, 1994), we getS¼ 2oWðC;m0;QiÞ
oC
¼ JpC1þ J23DEV 2oW
0
isoðC;m0Þ
oC

Xn
i¼1
Qi
" #
¼S0volþS0iso J
2
3DEV
Xn
i¼1
Qi
" #
ð11Þ
Dint¼
Xn
i¼1
oWðC;m0;QiÞ
oQi
: _Qi¼
Xn
i¼1
1
2
CoNðQiÞ
oQi
 
: _QiP 0 ð12ÞQi may be interpreted as non-equilibrium stresses, in the sense of non-equilibrium thermodynamics, and re-
main unaltered under superposed spatial rigid body motions (Simo and Hughes, 1998). This fundamental
requirement is the same invariance property classically placed on the second Piola–Kirchhoﬀ tensor S and
automatically ensures frame indiﬀerence of the constitutive relationship (11).
Since r ¼ 1J FSFT, in the spatial description the expression (11) may be recast in the equivalent formr ¼ p1þ 1
J
dev F 2
oW0isoðC;m0Þ
oC

Xn
i¼1
Qi
( )
FT
" #
ð13ÞNote that the visco-hyperelastic model proposed herein is based on a local additive decomposition of the stress
tensor into initial and non-equilibrium parts. Based on previous studies (Sasaki and Odajima, 1996; Puxkandl
et al., 2002; Vita and Slaughter, 2005), the ligament is assumed to have a Kelvin–Voigt-type viscoelastic con-
stitutive behaviour. On the contrary, the model in Holzapfel and Gasser (2001) supposes the additive split of
the stress tensor into equilibrium and non-equilibrium parts assuming Maxwell-type viscoelastic behaviour for
blood vessels.
Motivated by Holzapfel and Gasser (2001) and in order to consider diﬀerent contributions of the matrix
material and families of ﬁbers on the non-equilibrium part, we divide the internal variables inQi ¼
X5
j¼1;j 6¼3
Qij ð14Þ
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and Qi4, Qi5 are the anisotropic contribution due to the two families of ﬁbers associated to I4; I5 invariants.
We now formulate the evolution equations separately for each contribution. We consider the following set of
rate equations governing the evolution of internal variables Qij (Simo, 1987)_Qij þ 1sij Qij ¼
cij
sij
DEV 2dW0ðjÞiso
h i
; lim
t!1
Qij ¼ 0 ð15Þwith cij 2 [0, 1] free-energy factors associated with relaxation times sij > 0 and dW0ðjÞiso ¼
oW0
iso
oIj
oIj
oC
.
The evolution equations (15) are linear and, therefore, explicitly lead to the following convolution
representation:QijðtÞ ¼
cij
sij
Z t
1
exp
ðt  sÞ
sij
 
DEV 2dW0ðjÞiso
h i
ds ð16ÞWe can determine N from the condition of thermodynamic equilibrium (Simo, 1987). It is clear that, given the
rate equations (15), equilibrium is achieved for_Qij ¼ 0 ) Qij ¼ cijDEV 2dW0ðjÞiso
h i
odW0ðjÞiso
oQij
¼ 0 )
Xn
i¼1
X5
j¼1;j 6¼3
 1
2
Cþ oN
oQij
 
¼ 0
ð17Þ(17) deﬁnes N as the Legendre transformation of the function W0iso in the sense thatNðQijÞ ¼
Xn
i¼1
X5
j¼1;j6¼3
2cijdW0ðjÞiso
h i
þ 1
2
C :
X5
j¼1;j 6¼3
Qij
" #
ð18ÞSubstitution of (16) into (11) and integrating by parts then yields the following equivalent expression:S ¼ JpC1 þ J23
X5
j¼1;j 6¼3
1
Xn
i¼1
cij
 !
DEV 2dW0ðjÞiso ðC;m0Þ
n o" #
þ
Xn
i¼1
X5
j¼1;j 6¼3
J
2
3cij
Z t
1
exp
ðt  sÞ
sij
 
d
ds
DEV 2dW0ðjÞiso ðC;m0Þ
h in o
ds
 
ð19ÞNote that Qi attains its equilibrium value (17) as
t
sij
!1. The corresponding value of the equilibrium stress is
a fraction of the initial stress; that islim
t
sij
!1
S ¼ JpC1 þ J23
X5
j¼1;j 6¼3
1
Xn
i¼1
cij
 !
DEV 2dW0ðjÞiso ðC;m0Þ
n o" #
ð20ÞThe convolution representation (19) in terms of the Cauchy stress tensor takes the formr ¼ p1þ 1
J
X5
j¼1;j 6¼3
1
Xn
i¼1
cij
 !
dev F 2dW0ðjÞiso ðC;m0Þ
h i
FT
n o" #"
þ
Xn
i¼1
X5
j¼1;j 6¼3
cij
Z t
1
exp
ðt  sÞ
sij
 
d
ds
dev F 2dW0ðjÞiso ðC;m0Þ
h i
FT
n on o 
ds
#
ð21Þ4. Integration algorithm for the constitutive equations
The basic idea in the numerical integration of the constitutive equations is to evaluate the convolution inte-
gral in (19) through a recursive relation. A related procedure was ﬁrst suggested by Herrmann and Peterson
(1968) and Taylor et al. (1970) and modiﬁed by Simo (1987). The key idea is to transform the convolution
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stored at the quadrature points of a ﬁnite-element mesh (Simo and Hughes, 1998).
First at all, we introduce the following internal algorithmic history variables:HðijÞ ¼
Z t
1
exp
ðt  sÞ
sij
 
d
ds
DEV 2dW0ðjÞiso ðC;m0ÞðsÞ
h in o
ds ð22ÞLet ½t0; T  	 R, with t0 < T, be the time interval of interest. Without loss of generality, we take t0 = 1. Fur-
ther, let ½t0; T  ¼
S
n2I½tn; tnþ1, be a partition of the interval [t0,T] with I an appropriate subset of the natural
numbers and Dtn = tn+1  tn the associated time increment. From an algorithmic standpoint, the problem is
deﬁned in the usual strain-driven format and we assume that at certain times tn and tn+1 all relevant kinematic
quantities are known.
Using the semigroup property of the exponential function, the property of additivity of the integral over the
interval of integration and the midpoint rule to approximate the integral over [tn, tn+1] we can arrive to the
update formula (Simo and Hughes, 1998)H
ðijÞ
nþ1 ¼ exp
Dtn
sij
 
HðijÞn þ exp
Dtn
2sij
 
S
0ðjÞ
nþ1  S0ðjÞn
 
ð23Þwhere S0ðjÞnþ1 ¼ DEV 2dW0ðjÞiso ðC;m0ÞðsÞ
h i
is the term of the initial stress response corresponding to Ij, i.e., S
0ð1Þ
nþ1
and S0ð2Þnþ1 are due to the matrix material and S
0ð4Þ
nþ1, S
0ð5Þ
nþ1 are due to the ﬁbers, see (A.2).
Following the convolution representation (19), the algorithmic approximation for the second Piola–
Kirchhoﬀ stress takes the formSnþ1 ¼ Jnþ1pnþ1C1nþ1 þ J
23
nþ1
X5
j¼1;j 6¼3
1
Xn
i¼1
cij
 !
S
0ðjÞ
nþ1
" #
þ J23nþ1
X5
j¼1;j 6¼3
Xn
i¼1
cij DEV H
ðijÞ
nþ1
h in oh i
ð24ÞAlso, we can calculate the Cauchy stress tensor asrnþ1 ¼ pnþ11þ
1
Jnþ1
X5
j¼1;j 6¼3
1
Xn
i¼1
cij
 !
dev Fnþ1 2
oW0ðjÞiso ðCnþ1;m0Þ
oC
" #
FTnþ1
( )" #
þ 1
Jnþ1
X5
j¼1;j 6¼3
Xn
i¼1
cij dev Fnþ1 H
ðijÞ
nþ1
h i
FTnþ1
h in oh i
ð25ÞThe tangent modulus plays a crucial role in the numerical solution of the boundary value problem by Newton-
type iterative methods (Zienkiewicz and Taylor, 1994). The use of consistently linearized moduli is essential to
preserve the quadratic rate of the asymptotic convergence that characterizes full Newton’s method (Hughes,
2000).
In order to obtain an easier recursive update procedure, we rewrite the update formula (23) as (Simo and
Hughes, 1998)eHðijÞn ¼ exp Dtnsij
 
HðijÞn  exp
Dtn
2sij
 
S0ðjÞn ð26Þ
H
ðijÞ
nþ1 ¼ eHðijÞn þ exp Dtn2sij
 
S
0ðjÞ
nþ1 ð27ÞWith this notationSnþ1 ¼ Jnþ1pnþ1C1nþ1 þ J
23
nþ1
X5
j¼1;j 6¼3
ð1 cj þ mjÞS0ðjÞnþ1 þ
Xn
i¼1
cij DEV eHðijÞnh in o
" #
ð28Þ
rnþ1 ¼ pnþ11þ
X5
j¼1;j 6¼3
ð1 cj þ mjÞdev r0ðjÞnþ1
h i
þ 1
Jnþ1
Xn
i¼1
cij dev ~h
ðijÞ
n
  	" # ð29Þ
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Pn
i¼1cij and mj ¼
Pn
i¼1cij exp
Dtn
2sij
h i
. Note that eHðijÞn is a constant at time tn+1 in the linearization
process.
Using (8) and (28) we obtainCnþ1 ¼ C0vol nþ1 þ
X5
j¼1;j 6¼3
ð1 cj þ mjÞC0ðjÞiso nþ1 
2
3
J
43
nþ1
Xn
i¼1
cij DEV eHðijÞnh i C1nþ1 þ C1nþ1 DEV eHðijÞnh in
"
 eHðijÞn : C  I1Cnþ1  13C1nþ1  C1nþ1

 #
ð30Þand the spatial tangent modulus deﬁned in (9) takes the formcnþ1 ¼ c0vol nþ1 þ
X5
j¼1;j6¼3
ð1 cj þ mjÞc0ðjÞiso nþ1 
2
3Jnþ1
Xn
i¼1
cij dev ~h
ðijÞ
n
  1nþ1 þ 1nþ1  dev ~hðijÞn 
"
tr ~hðijÞn
 
I 1
3
1 1

 #
ð31Þwhere ~hðijÞn ¼ Fnþ1 eHðijÞn FTnþ1.
Note that in the recursive update procedure presented herein it is necessary to know at time tn+1 the vari-
ables Hn and S
0
n, so, the integration algorithm for the constitutive equations does not oblige to a constant time
increment during the simulation. Frequently, biomechanical problems include highly large deformations and
consequently it is convenient to use a variable time increment approach. In the case of Dtn constant, it is not
necessary to store S0ðjÞn being only needed to compute and store eHn and the computational cost of the recursive
update procedure is lower.
For the reader’s convenience, we have summarized the overall implementation of the developed algorithm
in Table 1.
5. Numerical examples
In order to illustrate the performance and the physical mechanisms involved in the constitutive model pre-
sented herein, we analyzed ﬁve numerical examples. The aim of the ﬁrst two is to show the basic behaviour of
the anisotropic visco-hyperelastic model in simple cases. The last three correspond to diﬀerent applications in
ligaments. We have focused on ligaments due to the importance of their viscoelastic properties in the clinical
practise. In particular, in the third example we show the performance of the model to reproduce the strain rate
inﬂuence in the response of ligaments. In the fourth, the evolution of the initial prestress in bone-patellar ten-
don-bone graft is studied. In the last example, we show the eﬀect of the non-equilibrium part of the constitu-
tive model in patellar tendon graft under cyclic loading. In all the examples, we omit the dependency of the
free-energy functionW on I5 in order to reduce the number of material parameters and to work with physically
motivated invariants.
5.1. Inﬂuence of viscoelastic parameters in the strain–stress response
In order to study the inﬂuence of the viscoelastic parameters in the stress–strain response, we considered a
transversely isotropic and hyperelastic material with its constitutive behaviour deﬁned by the initial elastic
stored-energy function (Weiss et al., 1996)W0ðC;m0 m0Þ ¼W0volðJÞ þWmð0Þiso ðCÞ þWf ð0Þiso ðC;m0 m0Þ ¼
1
D
ðlnðJÞÞ2 þC1ðI1  3Þ þC2ðI1  3Þ2 þC3C4 e
C4ðI41Þ  1
h i
ð32Þ
where C3P 0 is a stress-like material parameter and C4P 0 is a dimensionless parameter. Three sets of elastic
material constants were chosen (Table 2) and only one internal variable (i = 1) was considered.
Uniaxial relaxation test was simulated for a strain rate of 3.6% s1 up to a stretch ratio of k = 1.36. The
viscoelastic parameters are summarized also in Table 2. The ﬁrst ideal case, with the viscoelastic parameters
Table 1
Algorithmic procedure
(1) Database at each Gaussian point
SðjÞn ;H
ðijÞ
n
 	
i ¼ 1 . . . internal variables and j ¼ 1 . . . number of invariants
(2) Compute the initial elastic stress Cauchy tensor
devnþ1 r
0ðjÞ
nþ1
h i
¼ 1
Jnþ1
dev Fnþ1 2
oW0ðjÞiso ðCnþ1;m0Þ
oC
" #
FTnþ1
( )
(3) Update algorithmic internal variables
S
0ðjÞ
nþ1 ¼ Fnþ1 Jnþ1dev r0ðjÞnþ1
h i 
FTnþ1
eHðijÞn ¼ exp Dtnsij
 
HðijÞn  exp
Dtn
2sij
 
S0ðjÞn
H
ðijÞ
nþ1 ¼ eHðijÞn þ exp Dtn2sij
 
S
0ðjÞ
nþ1
(4) Compute the Cauchy stress tensor
pnþ1 ¼
dWvolðJnþ1Þ
dJ

nþ1
~hðjÞn ¼
Xn
i¼1
cijdev Fnþ1 eHðijÞn FTnþ1h i
~hðjÞn ¼
Xn
i¼1
cijtr Fnþ1 eHðijÞn FTnþ1h i
rnþ1 ¼ pnþ11þ
X5
j¼1;j6¼3
ð1 cj þ mjÞdev r0ðjÞnþ1
h i
þ 1
Jnþ1
~hðjÞn
 
(5) Compute initial elastic modulus
c0vol nþ1 and c
0ðjÞ
iso nþ1
(6) Introduce viscoelastic eﬀects
ciso nþ1 ¼
X5
j¼1;j 6¼3
ð1 cj þ mjÞc0ðjÞiso nþ1 
2
3Jnþ1
~hðjÞn  1nþ1 þ 1nþ1  ~hðjÞn  ~hðjÞn I
1
3
1 1

   
(7) Compute elastic modulus
cnþ1 ¼ c0vol nþ1 þ ciso nþ1
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elastic parameters of the matrix were assumed to were very small with respect to those of the ﬁbers. In cases IV
and V the viscoelastic parameters of the ﬁbers were assumed to be very small with respect to those of the
matrix. Finally, in cases VI and VII, c1j were increased for the matrix and ﬁbers respectively.
Fig. 1a illustrates the evolution of the stress response with time for the set I of constants. As can be
observed, changing the viscoelastic parameters of the matrix did not produce changes in the stress evolution
nor in the thermodynamic equilibrium stress (cases I, II, III and VI). On the contrary, when we decreased the
free-energy factor c14 (case IV) there was an increase in the initial (6%) and equilibrium stresses (29%). In addi-
tion, when the relaxation time decreased until s14 = 0.1 s (case V) equilibrium was achieved very fast. This is
due to the small contribution of the matrix to the stress response with respect to the ﬁbers. On the contrary,
Table 2
Viscoelastic material parameters
C1 C2 C3 C4 D
Set I 10 10 100 1 0.0036844
Set II 10 10 0.1 1 0.0036844
c11 s11(s) c12 s12(s) c14 s14(s)
Case I 0.3 10.0 0.3 10.0 0.3 10.0
Case II 0.05 10.0 0.05 10.0 0.3 10.0
Case III 0.05 0.1 0.05 0.1 0.3 10.0
Case IV 0.3 10.0 0.3 10.0 0.05 10.0
Case V 0.3 10.0 0.3 10.0 0.05 0.1
Case VI 0.6 10.0 0.6 10.0 0.3 10.0
Case VII 0.3 10.0 0.3 10.0 0.6 10.0
Fig. 1. Results of the inﬂuence of viscoelastic parameters in the stress–strain response.
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Mooney–Rivlin material that provokes that changes in the viscoelastic parameters of the ﬁbers do not aﬀect to
the stress response (Fig. 1b).
5.2. Relaxation test of a ﬁber-reinforced rubber cube at ﬁnite strains
In this example we deal with the numerical simulation of a composite rubber block bonded with two per-
fectly rigid plates as shown in Fig. 2. Due to the symmetry, only 1
8
of the global geometry was modelled. The
ﬁber distribution was aligned with the axial direction. The purpose of this simulation is to demonstrate the
eﬀectiveness of the numerical algorithm and ﬁnite element implementation discussed in Sections 3 and 4.
For a strain rate of 3.6% s1, displacements were applied on the top to deform the mesh to a nominal vertical
strain of 75% and then ﬁxed at this strain, while the bottom surface was ﬁxed. After that, the relaxation pro-
cess of the cube was computed until thermodynamic equilibrium was obtained with suﬃciently small time
steps in order to avoid errors in the numerical integration (0.01 s). We considered the strain-energy function
deﬁned in (32). The viscoelastic response of the cube was modelled with only one internal variable, i = 1, and
the relaxation process and the associated parameters were chosen in order get an almost isotropic Neo-Hook-
ean material response at t!1 (Table 3).
The distribution of the Cauchy stress in the axial direction at diﬀerent times is shown in Fig. 3. At time
t = 0.0+ corresponding to the beginning of the relaxation process, there appeared a stress concentration at
the bottom of the cube and high stresses at the top. This stress concentration relaxed until t!1, where
the stress reduced up to a 35%. Due to the chosen parameters, the relaxation process was mainly associated
to the ﬁbers. For this reason, the anisotropic contribution of the ﬁbers decreased for increasing time until get-
ting an almost isotropic material, Fig. 3f.
The only numerical results we have found on a similar topic are those presented by Holzapfel and Gasser
(2001). Those authors were interested in arteries where a Maxwell-type viscoelastic model is more appropriate.
In addition, two families of ﬁbers were considered in their examples. Therefore, the comparison with such
examples is only qualitative. During the relaxation process, similar stress behaviour was observed. TheMoving Boundary
Symmetry Planes
8
cm
Fig. 2. Cube dimensions and symmetry planes.
Table 3
Viscoelastic material parameters of the cube example
C1 C2 C3 C4 D
10 0 100 1 0.0036844
c11 s11(s) c12 s12(s) c14 s14(s)
0.001 10 0.0 0 0.9999 100
Fig. 3. Distribution of the Cauchy stress in the axial direction at diﬀerent times (MPa).
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when the equilibrium was achieved.
5.3. Human ligament under diﬀerent strain rates
Of all the knee ligaments, the anterior cruciate is the most frequent totally disrupted. Sports (skiing, bas-
ketball, soccer) and traﬃc accidents are the most important causes of ligament injury. The strain rate during
injury is very important regarding the magnitude of the lesion. Therefore, the stress–strain behaviour of the
ligament is an essential factor. The strain rate during non-physiological loads is determinant in the risk of
damage in ligaments. Non-physiological movements under low strain rates do not usually provoke ligament
damage that under high strain rates occurs (Fu et al., 1994).
Ligaments are usually considered as transversely isotropic and hyperelastic due to the presence of one fam-
ily of ﬁbers and their constitutive behaviour deﬁned by the initial elastic stored-energy functionWðC;m0Þ0 ¼ W0volðJÞ þWmð0Þiso ðCÞ þWfð0Þiso ðC;m0 m0Þ ð33Þ
where Wmiso represents the deviatoric mechanical contribution of the tissue matrix, W
f
iso that of the ﬁbers and
Wvol is a penalty function to enforce quasi-incompressibility. In this example, we used a strain-energy density
function earlier proposed by Weiss et al. (1996) where Wvol took the form Wvol ¼ 1D ðlnðJÞÞ2 (Gardiner and
Weiss, 2003), being D the inverse of the bulk modulus and J the Jacobian. A Neo-Hookean model was con-
sidered for the matrix part of the strain-energy function deﬁned by Wmiso ¼ C1ðI1  3Þ. C1 is the constant of the
Neo-Hookean model and I1 the ﬁrst modiﬁed strain invariant of the symmetric modiﬁed Cauchy–Green
tensor C. Following Limbert and Middleton (2004), the speciﬁc form of Wfiso wasWfð0Þiso ¼
C3
2C4
e½C4ðI41Þ
2  1
n o
ð34Þ
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conﬁguration; C3 scales the exponential stress and C4 is related to the rate of collagen uncrimping.
The strain rate eﬀect is visible in the stress–strain curves obtained by Pioletti et al. (1998) for the human
ACL (Fig. 5). In order to ﬁt the material parameters and compare the strain rate curves obtained, we repro-
duced the tensile test in Pioletti et al. (1998) Using the proposed anisotropic visco-hyperelastic model, the
stress–strain curves obtained at diﬀerent strain rates (0.012% s1, 25% s1, 38% s1 and 50% s1) were well
ﬁt, see Fig. 5a. On the contrary, when an isotropic visco-hyperelastic model was used, the stress–strain curve
under low strain rate was not well ﬁt. This is due to the signiﬁcance of the viscoelastic properties of the matrix
under low strain rates being not possible to simulate the behaviour of the ligament using the same properties
of the matrix and ﬁbers. The elastic and viscoelastic parameters obtained in both cases are included in Table 4.
To illustrate the performance of the visco-hyperelastic behaviour of ligaments and the importance of the
strain rates during their movement, a model of the human anterior cruciate ligament (ACL) was constructed
to simulate its behaviour under a physiological anterior tibial displacement, see Fig. 4. The surface geometries
of femur and tibia were reconstructed from a set of Computer Tomography scans, while for the ACL, MRI
(Magnetic Resonance Images) were used (Pen˜a et al., 2006). Bones were assumed to be rigid in this model, and
a hexahedral block-structured mesh of the ACL was built. Three diﬀerent strain rates were applied: low
(0.012% s1), moderate (1% s1) and high (50% s1) that correspond to quasi-static, physiological and non-
physiological strain rates. Boundary conditions were deﬁned as follows. Ligaments were attached to bone
by establishing the ﬁnal row of elements at their proximal and distal ends to be composed of the same material
than the nearby bone (Gardiner and Weiss, 2003). The motion of each bone was controlled by the six degrees
of freedom of its reference node. In the analyses, tibia and ﬁbula remained ﬁxed. The position at full extension
served as the reference initial conﬁguration. An anterior load of 134 N was applied to the femur. In this exam-
ple we did not consider initial strains (Pen˜a et al., in press).
If the motion of the tibia relative to the femur is slow, corresponding to a low strain rate for the ACL, the
contribution of the ACL is minimal. If this motion is fast, the contribution of the ACL to knee stability
increases. This is clear from the stiﬀer stress–strain curves at higher strain rates (Fig. 5). Due to this stiﬀeningTable 4
ACL material parameters
C1 C2 C3 C4 D
1.5 0.0 4.39056 12.1093 0.00888889
c11 s11(s) c12 s12(s) c14 s14(s)
Anisotropic model
0.99 0.15 0.99 0.15 0.2 5.0
Isotropic model
0.4 3.0 0.4 3.0 0.4 3.0
Fig. 4. Finite element model of the human ACL.
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and in the tibial insertion (Fig. 6). The maximal principal stress of 8.51 MPa obtained in the tibial insertion for
the higher load rate is due to the stress concentration induced by the sudden change of material properties.
Besides this eﬀect, the maximal principal stress predicted for the higher load rate was closed to the load rup-
ture estimated in 7 MPa by Pioletti et al. (1998). On the contrary, under quasi-static and physiological strain
rates the maximal principal stress of 2.87 MPa is far from the ultimate stress. It is well-known that damage in
mature ligaments occurs usually at high load rates; on the contrary bone–ligament insertions are usually rup-
tured under lower load rates (Woo and Young, 1991).
Using isotropic visco-hyperelastic properties, it is not possible to ﬁt the experimental data for low strain
rates with the same accuracy than for high strain rates. As show in Fig. 5b, the ﬁtted curve under low strain
rates was stiﬀer than the actual experimental data. This provokes an overestimation of the stress in the ﬁnite
element simulation for both low and moderate strain rates, see Fig. 7a. On the contrary, the results for high
strain rates are similar to the anisotropic case.
5.4. Patellar tendon graft after initial prestress
Another clinical application of the model proposed herein is the evolution along time of the initial prestress
in bone-patellar tendon-bone grafts. Surgical reconstruction of the ACL is a common practice to treat the
disability or chronical instability of knees due to ACL insuﬃciency (Beynnon et al., 2002). The bone-patellarFig. 5. Experimental results obtained by Pioletti et al. (1998) and theoretical stress–strain curves at diﬀerent rates of elongation for the
human ACL.
Fig. 6. Maximal principal stress at diﬀerent strain rates for the anisotropic visco-hyperelastic model (MPa).
Fig. 7. Maximal principal stress at diﬀerent strain rates for the isotropic visco-hyperelastic model (MPa).
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for a more predictable restoration of the knee stability (Fu et al., 1994; Noyes and Barrer-Westin, 2001; Adam
et al., 2002; Beynnon et al., 2002; Fox et al., 2002). Before graft ﬁxation, an initial pretension is applied. This
initial tension applied to the replacing graft signiﬁcantly alters the joint kinematics. This prestress helps to pro-
vide joint stability, but a very high pretension produces an important additional stress in the graft during the
knee movement. This may cause problems in revascularization and remodelling during the postoperative heal-
ing process (Cyril and Douglas, 1997; Kampen et al., 1998; Tohyama and Yasuda, 1998). Viscoelasticity
decreases the tension imposed during surgery until getting the ﬁnal value after reaching equilibrium. The
decrease of this initial stress can compromise the joint stability, aﬀecting the postoperative results. So, it is
desirable to estimate the minimal initial stress needed to maintain joint stability after relaxation. In this exam-
ple, we study the evolution of the initial stress in the graft.
An idealized 10-mm wide graft was modelled. The 3D ﬁnite element model of the graft and bone plugs is
shown in Fig. 8a. In order to keep the correct geometry of the joint and of the tunnels and simultaneously
impose the initial prestress on the graft we needed to model the plugs. These plugs were modelled as elastic
with a very high stiﬀness in comparison with that of the graft in order to reduce the numerical diﬃculties that
appear at the connections between the plugs and the femoral and tibial tunnels. The constitute law of the graft
tendon was the same of the ligament (Weiss and Gardiner, 2001) with the initial elastic stored-energy function
(34), while bone plugs were considered to behave as a linearly elastic and isotropic material with an elastic
modulus of E = 14,220 MPa and a Poisson ratio of m = 0.3 (Jacobs, 1994). The elastic and viscoelastic param-
eters of the graft were obtained ﬁtting the stress-curved obtained by Pioletti et al. (1998) from the human
patellar tendon (PT). These parameters are included in Table 5.
Fig. 8. Finite element model of the graft and prestress at diﬀerent times (MPa).
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sponding to a pretension of about 60 N (Pen˜a et al., 2005) and then ﬁxed, while the tibial bone plug remained
always ﬁxed. After that, the relaxation process of the graft was computed until thermodynamic equilibrium
(Fig. 8c).
Fig. 9 illustrates the evolution of the initial prestress with time. As can be observed, the initial value at time
t = 0.0+ decreased very fast at the beginning of the relaxation process. This result show that tension within the
PT graft is reduced shortly after the ﬁxation. For t = 1000 s the stress decreased a 32.5%. Graft et al. (1994)
showed a reduction of 30% in the graft load when tensioned up to a strain of 2.5% after 10 min, we tensioned
up to a strain of 2.4%. To minimize the stress relaxation response, preconditioning of the graft is usually
recommended.
5.5. Patellar tendon graft under cyclic load
The amount of tension in the graft is therefore inﬂuenced by cyclic preconditioning (multiple cycles of elon-
gation performed prior to ﬁxation). Preconditioning limits the most pronounced stress-relaxation eﬀects and
provides a uniform strain history. Biomechanical testing protocols include preconditioning (cyclic or static
stretching of the graft prior to implantation) to ensure that ligaments have a uniform strain history and
decrease relaxation of the initial stress in the graft (Fu et al., 1994).
In this example we consider the numerical simulation of a cyclic pretension of the patellar tendon graft
explained in the previous section. At time t = 0 an axial load of 60 N was applied, following a triangular
time-history with amplitude of 30 N and time period of 1 s.
The applied axial load versus the axial stretch is plotted in Fig. 10a. The stress–strain responses to loading
and unloading are diﬀerent. The axial stretch varies with respect to the axial load followed by an elliptically
shaped hysteresis loop until the steady state is reached after 15 s. This behaviour is typically observed in lig-
aments, where stress softening eﬀects occur during the ﬁrst few load cycles (Woo et al., 1999). Finally, Fig. 10b
shows the evolution of the stretch k with time. A phase-shift between pressure and the stretch period of 0.03 s
can be observed.Table 5
PT material parameters
C1 C2 C3 C4 D
2.7 0.0 15.3146 107.473 0.004938
c11 s11(s) c12 s12(s) c14 s14(s)
0.55 10 0.55 10 0.35 150
Fig. 10. Viscoelastic behaviour of a patellar tendon graft under triangular axial loading.
Fig. 9. Normalized initial stress evolution with and without cyclic load.
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initial prestress without (previous example) and with previous cyclic load. The tension within the PT graft with
cyclic load was reduced only 24.1%, in agreement with clinical recommendations (Fu et al., 1994).
6. Conclusions
We have presented an anisotropic Kelvin–Voigt-type visco-hyperelastic constitutive model capable to
model ﬁber-reinforced composite materials undergoing ﬁnite strains as ligaments. The structural model was
formulated by employing Simo’s constitutive framework based on irreversible thermodynamics with internal
variables (Simo, 1987), where we have considered diﬀerent viscoelastic behaviour for the matrix material and
the diﬀerent families of ﬁbers. Motivated by Holzapfel and Gasser (2001) and in order to consider diﬀerent
contributions of the matrix and ﬁbers on the non-equilibrium part, we considered the internal variables to
correspond to separated contributions of the matrix and ﬁbers. A numerical integration procedure that is
second-order accurate and takes place entirely in the reference conﬁguration was used; this fact implies that
incremental objectivity is trivially satisﬁed. To our knowledge, the anisotropic visco-hyperelastic model based
on a local additive decomposition of the stress tensor into initial and non-equilibrium parts (Kelvin–Voigt
generalized model) and the explicit expression for the stress and fourth-order elasticity tensor in the spatial
776 E. Pen˜a et al. / International Journal of Solids and Structures 44 (2007) 760–778description for time-dependent ﬁnite strains in ﬁbered materials have not been recorded previously in the lit-
erature. The model provides a very eﬃcient tool to determine realistic predictions of stress, strain and strain
rates distributions in ligaments with diﬀerent viscoelastic behaviour of collagen tissue and ground substance.
To the authors knowledge, this is the ﬁrst Kelvin–Voigt-type visco-hyperelastic constitutive model capable to
model ﬁber-reinforced composite materials undergoing ﬁnite strains as ligaments. The main disadvantage of
the model is that the evolution equations are linear.
Several numerical examples under ﬁnite strains have been presented in order to illustrate the good perfor-
mance and the physical mechanisms inherent to the constitutive model. We apply the model to simulate the
viscoelastic behaviour of ligaments in some clinical applications. The examples demonstrated the relaxation,
rate strain dependency and cyclic loading response of the ligaments. The clinical relevance of the anisotropic
visco-hyperelastic properties of the ligament and the need of using diﬀerent viscoelastic properties for the
matrix and ﬁbers are also pointed out.
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Appendix
In order to apply the model presented herein, it is necessary to know the stress response and elastic tangent
modulus of the hyperelastic material in separated form for each invariant. In this appendix we provide explicit
expressions for the initial stress and elasticity tensors of the anisotropic hyperelastic behaviour depending of
the deﬁned invariants. We only present the particularized form of the expressions here used, with I5 omitted,
as usually employed for ligaments.
Using the decoupled form of the free-energy functionW ¼ WvolðJÞ þWisoðC;m0 m0Þ ¼ WvolðJÞ þWisoðI1; I2; I4Þ ðA:1Þ
with I1, I2 and I4 deﬁned in (5). The stress response is obtained from the derivatives of the stored-energy
functionS ¼ 2 oW
oC
¼ JpC1 þ 2J23 oWiso
oI1
þ I1 oWiso
oI2

 
1 oWiso
oI2
Cþ I4 oWiso
oI4
m0 m0

 1
3
oWiso
oI1
I1 þ 2 oWiso
oI2
I2 þ oWiso
oI4
I4

 
C1

ðA:2Þwith p the hydrostatic pressure deﬁned in (7)
The Cauchy stress tensor r is 1/J times the push-forward of S (r = J1v*(S)). From (A.2), we obtainr ¼ p1þ 2
J
oWiso
oI1
þ I1 oWiso
oI2

 
b oWiso
oI2
b2 þ I4 oWiso
oI4
mm 1
3
oWiso
oI1
I1 þ 2 oWiso
oI2
I2 þ oWiso
oI4
I4

 
1
 
ðA:3ÞApplying the deﬁnition (8) in (A.2), we can establish the elasticity tensor in the material description:C ¼ 2 oSðCÞ
oC
¼ Cvol þ Ciso ¼ 2 oSvoloC þ 2
oSiso
oC
ðA:4ÞThe elasticity tensor in the spatial description is deﬁned as the push-forward of Cc ¼ cvol þ ciso ðA:5Þ
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with I the fourth-order identity tensor, p deﬁned in (7) and ciso asciso ¼  2
3
ðdevr 1þ 1 devrÞ  4
3J
½ð eW1 þ W2I1ÞI1  W2ðI21  2I2Þ þ W4I4 I 13 1 1

 
þ 4½ð W11 þ 2 W12I1 þ W2 þ W22I21Þb b ð W12 þ W22I1Þðb b2 þ b2  bÞ þ W22ðb2  b2Þ
 W2Ib þ ð W14 þ W24I1ÞI4ðbmmþmm bÞ  W22I4ðb2 mmþmm b2Þ
þ W44I24ðmmmmÞ 
4
3
½ð W11I1 þ W12I21 þ W12I2 þ W2I1 þ 2 W22I1I2 þ W14I4
þ W24I1I4Þb ð W12I1 þ 2 W22I2 þ W2 þ W24I4 þ W26I6Þb2 þ ð W14I1 þ 2 W22I2 þ W44I4Þmm
 bþ 1 ðð W11I1 þ W12I21 þ W12I2 þ W2I1 þ 2 W22I1I2 þ W14I4 þ W24I1I4Þb ð W12I1
þþ2 W22I2 þ W2 þ W24I4Þb2 þ ð W14I1 þ 2 W24I2 þ W44I4ÞmmÞ þ 4
9
½ðð W11  W12ÞI21
þ 2 W2I2 þ 4 W22I22 þ 4 W12I1I2 þ 2 W14I1I4 þ 4 W24I2I4 þ W44I24Þ1 1 ðA:7Þ
In order to clarify the used subscript nomenclature, we replace Wiso for W. Note that expressions (A.2) and
(A.7) permit to easily compute S0ðjÞnþ1 and c
0ðjÞ
iso nþ1 for each invariant in the expressions (24) and (31).
References
Adam, F., Pape, D., Kohn, D., Seil, R., 2002. Length of the patellar tendon after anterior cruciate ligament reconstruction with patellar
tendon autograft: a prospective clinical study using Roentgen stereometric analysis. Arthroscopy 18, 859–864.
Beynnon, B., Johnson, R., Fleming, B.C., Kannus, P., Kaplan, M., Samani, J., Renstro¨m, P., 2002. Anterior cruciate ligament
replacement: Comparison of bone-patellar tendon-bone graft with two-strand hamstring grafts. J. Bone Joint Surg. 84-A, 1503–1513.
Christensen, R., 1982. Theory of the Viscoelasticity. Dover Publications, New York.
Cyril, F., Douglas, J., 1997. The science of reconstruction of the anterior cruciate ligament. J. Bone Joint Surg. 79-A, 1556–1576.
Flory, P.J., 1961. Thermodynamic relations for high elastic materials. Trans. Faraday Soc. 57, 829–838.
Fox, J., Nedeﬀ, D., Bach, B., Spindler, K., 2002. Anterior cruciate ligament reconstruction with patellar autograft tendon. Clin. Orthop.
Relat. Res. 402, 53–63.
Fu, F.H., Harner, C., Vince, K.G., 1994. Knee Surgery. Williams and Wilkins, Baltimore.
Fung, Y.C., 1993. Biomechanics. Mechanical Properties of Living Tissues. Springer-Verlag.
Gardiner, J., Weiss, J., 2003. Subject-speciﬁc ﬁnite element analysis of the human medial collateral ligament during valgus knee loading. J.
Orthopaed. Res. 21, 1098–1106.
Graft, B., Vanderby, J.R., Ulm, M., 1994. Eﬀect of preconditioning on the viscoelastic response of primate patellar tendon. Arthroscopy
10, 90–96.
Hayes, W.C., Mockros, L.F., 1971. Viscoelastic constitutive relations for human articular cartilage. J. Appl. Physiol. 18, 562–568.
Herrmann, L., Peterson, F., 1968. A numerical procedure for viscoelastic stress analysis. In: Proceedings of the Seventh Meeting of
ICRPG Mechanical Behaviour Working Group. Orlando.
Holzapfel, G.A., 1996. On large strain viscoelasticity: continuum formulation and ﬁnite element applications to elastomeric structures. Int.
J. Numer. Meth. Eng. 39, 3903–3926.
Holzapfel, G.A., 2000. Nonlinear Solid Mechanics. Wiley, New York.
Holzapfel, G.A., Gasser, T., 2001. A viscoelastic model for ﬁber-reinforced composites at ﬁnite strains: continuum basis, computational
aspects and applications. Comput. Meth. Appl. Mech. Eng. 190, 4379–4403.
Holzapfel, G.A., Gasser, T.C., Ogden, R., 2000. A new constitutive framework for arterial wall mechanics and a comparative study of
material models. J. Elasticity 61, 1–48.
Holzapfel, G.A., Gasser, T., Stadler, M., 2002. A structural model for the viscoelastic behaviour of arterial walls: continuum formulation
and ﬁnite element analysis. Eur. J. Mech. A/Solids 21, 441–463.
Hughes, T.J.R., 2000. The Finite Element Method: Linear Static and Dynamic Finite Analysis. Dover, New York.
Humphrey, J., 1995. Mechanics of the arterial wall: review and directions. Crit. Rev. Biomed. Eng. 23, 1–162.
Jacobs, C., 1994. Numerical simulation of bone adaption to mechanical loading. Ph.D. thesis, Stanford University, Stanford, CA.
Johnson, G., Livesay, G., Woo, S., Rajagopal, K., 1996. A single integral ﬁnite strain viscoelastic model of ligaments and tendons. ASME
J. Biomech. Eng. 118, 221–226.
Kaliske, M., 2000. A formulation of elasticity and viscoelasticiy for ﬁbre reinforced material at small and ﬁnite strains. Comput. Meth.
Appl. Mech. Eng. 185, 225–243.
778 E. Pen˜a et al. / International Journal of Solids and Structures 44 (2007) 760–778Kampen, A.V., Wymenga, A.B., vad der Heide, H.J.L., Bakens, H.J.A.M., 1998. The eﬀect of diﬀerent graft tensioning in anterior cruciate
ligament reconstruction: a prospective randomized study. Arthroscopy 14, 845–850.
LeTallec, P., Rahier, C., Kaiss, A., 1993. Three-dimensional incompressible viscoelasticity in large strains: formulation and numerical
approximation. Comput. Meth. Appl. Mech. Eng. 109, 233–258.
Limbert, G., Middleton, J., 2004. A transversely isotropic viscohyperelastic material. Application to the modeling of biological soft
connective tissues. Int. J. Solids Struct. 41, 4237–4260.
Mak, A., 1986. The apparent viscoelastic behaviour of articular cartilage. The contributions from the intrinsic matrix viscoelastocity and
interstitial ﬂuid ﬂows. ASME J. Biomech. Eng. 108, 123–130.
Marsden, J.E., Hughes, T.J.R., 1994. Mathematical Foundations of Elasticity. Dover, New York.
Noyes, F.R., Barrer-Westin, S.D., 2001. Revision anterior cruciate surgery with use of bone-patellar tendon-bone autogenous grafts. J.
Bone Joint Surg. 83-A, 1131–1143.
Pen˜a, E., Martinez, M., Calvo, B., Palanca, D., Doblare´, M., 2005. A ﬁnite element simulation of the eﬀect of graft stiﬀness and graft
tensioning in ACL reconstruction. Clin. Biomech. 20, 636–644.
Pen˜a, E., Calvo, B., Martinez, M., Doblare´, M., 2006. A three-dimensional ﬁnite element analysis of the combined behavior of ligaments
and menisci in the healthy human knee joint. J. Biomech. 39, 1686–1701.
Pen˜a, E., Calvo, M.A.M.B., Doblare´, M., in press. On the numerical treatment of initial strains in soft biological tissues. Int. J. Numer.
Meth. Eng., doi:10.1002/nme.1726.
Pinsky, P., Datye, V., 1991. A microstructurally-based ﬁnite element model of the incised human cornea. J. Biomech. 10, 907–922.
Pioletti, D., Rakotomanana, L., Benvenuti, J.-F., Leyvraz, P.-F., 1998. Viscoelastic constitutive law in large deformations: application to
human knee ligaments and tendons. J. Biomech. 31, 753–757.
Provenzano, P., Lakes, R., Corr, D., Vanderby, R., 2002. Application of nonlinear viscoelastic models to describe ligament behavior.
Biomech. Model Mechanobiol. 1, 45–47.
Puso, M.A., Weiss, J., 1998. Finite element implementation of anisotropic quasilinear viscoelasticity. ASME J. Biomech. Eng. 120, 162–
170.
Puxkandl, R., Zizak, I., Paris, O., Tesch, W., Bernstorﬀ, S., Purslow, P., Fratzl1, P., 2002. Viscoelastic properties of collagen: synchrotron
radiation investigations and structural model. Philos. Trans. Roy. Soc. Lond. B 357, 191–197.
Quaglini, V., Vena, P., Contro, R., 2004. A discrete-time approach to the formulation of constitutive models for viscoelastic soft tissues.
Biomech. Model Mechanobiol. 3, 85–97.
Sasaki, N., Odajima, S., 1996. Stress–strain curve and Young’s modulus of a collagen molecule as determined by X-ray diﬀraction
technique. J. Biomech. 29, 655–658.
Simo, J., 1987. On a fully three-dimensional ﬁnite-strain viscoelastic damage model: formulation and computational aspects. Comput.
Meth. Appl. Mech. Eng. 60, 153–173.
Simo, J.C., Hughes, T., 1998. Computational Inelasticity. Springer-Verlag, New York.
Simo, J., Taylor, R.L., 1985. Consistent tangent operators for rate-independent elastoplasticity. Comput. Meth. Appl. Mech. Eng. 48,
101–118.
Simo, J., Taylor, R., 1991. Quasi-incompresible ﬁnite elasticity in principal stretches. Continuum basis and numerical algorithms. Comput.
Meth. Appl. Mech. Eng. 85, 273–310.
Spencer, A.J.M., 1954. Theory of Invariants. In: Continuum Physics. Academic Press, New York, pp. 239–253.
Taylor, R., Pister, K., Goudreau, G., 1970. Thermomechanical analysis of vioscoelastic solids. Int. J. Numer. Meth. Eng. 2, 45–59.
Tohyama, H., Yasuda, K., 1998. Signiﬁcance of graft tension in anterior cruciate ligament reconstruction. Knee, Surg, Sports Traumatol,
Arthrosc 6, S30–S37.
Vita, R.D., Slaughter, W., 2005. A structural constitutive model for the strain rate-dependent behavior of anterior cruciate ligaments. Int.
J. Solids Struct. 43, 1561–1570.
Weiss, J., Gardiner, J.C., 2001. Computational modelling of ligament mechanics. Crit. Rev. Biomed Eng. 29, 1–70.
Weiss, J., Maker, B., Govindjee, S., 1996. Finite element implementation of incompressible, transversely isotropic hyperelasticity. Comput.
Meth. Appl. Mech. Eng. 135, 107–128.
Woo, S.L.-Y., Young, E., 1991. Structure and function of tendons and ligaments. Basic Orthopaedics Biomechanics. Raven Press, New
York (pp. 199–244).
Woo, S.L.-Y., Debski, R., Withrow, J., Janaushek, M., 1999. Biomechanics of the knee ligaments. Am. J. Sport Med. 27, 533–543.
Zienkiewicz, O.C., Taylor, R.L., 1994. The Finite Element Method, Volume 1: Basic Formulation and Linear Problems. McGraw-Hill.
